Introduction
Following upon work by Manin [8] and Adier [I] , the noncommutative residue was discovered by Wodzicki in 1984 [12] . It is the unique trace on the algebra of all classical pseudodifferential operators (modulo the regularizing elements) on a compact manifold without boundary.
A trace on an algebra A here and in the following designates a linear map r : A -> C which vanishes on commutators, i.e., r[A, B] == r{AB-BA) = 0 for all A, B G A. Clearly, scalar multiples of traces are traces, and the zero map is a trace, so uniqueness is to be understood in the sense that it is the only non-vanishing trace up to constant factors.
Guillemin independently discovered the noncommutative residue as an important ingredient in his so-called 'soft 5 proof of WeyPs formula on the asymptotic distribution of eigenvalues [7] .
Meanwhile the noncommutative residue has found a wide range of applications in both mathematics and mathematical physics; it plays a prominent role in Connes 5 noncommutative geometry [2, 3] .
While it can be shown that there is no (nonzero) trace on the algebra of all pseudodifferential operators on a manifold with boundary, a unique continuous trace was found for Boutet de MonvePs algebra of all classical pseudodifferential boundary value problems on a compact manifold with boundary by Fedosov, Golse, Leichtnam, and the author [6, 5] ; this trace extends WodzickPs residue. As a consequence one notices that the right choice of the operator algebra is indeed important.
Here, the .underlying object is a manifold with conical singularities. A natural algebra to consider therefore is the 'Cone Algebra with Asymptotics' introduced by B.-W. Schuize [11] . The situation then is the following: For each conical singularity we obtain a trace. It vanishes on operators supported in the interior, so it is not induced by Wodzicki's residue. However, there is a natural ideal in the cone algebra, namely the operators with vanishing conormal symbol, where one finds an additional trace extending the one discovered by Wodzicki.
Uniqueness fails on the standard cone algebra due to the lack of non-smooth multipliers. On the other hand one can easily construct an extension of the cone algebra with a corresponding ideal for which the above traces are the only ones under the additional assumption that they are continuous and vanish on the ideal of the smoothing Mellin operators.
1 The Cone Algebra with Asymptotics for every choice of s G R and ^^2 € (^^(R-i-).
Asymptotic types and Mellin Sobolev spaces with asymptotics.
In the following let us fix fi G Z, 7 e R, and the weight datum ^=(74-n/2,7 + n/2, (-1,0]); the latter is a triple consisting of two reals (here both are equal to ^f+n/2) and an interval,
An asymptotic type associated with g is a finite set P == {(pji^j^Cj) : j = 1,..., J}, where pj G C^ -1/2 -7 < Repj < 1/2 -^, mj 6 No; and Cj is a finite-dimensional subspace ofC^^X}; J may depend on P. We let Tr^P denote the set {pi,... ,pj}.
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A Mellin asymptotic type is a sequence P = {(pj.rrij, Lj) : j G Z}, where Repj -^ ±00 
whenever e > 0.
A cut-off function here and in the following is a function uj in (^(R^.) with i^(t) =. 1 for t near zero. We also assume that uj has support in [0,1), so that it may be considered as a function on the part ofSS> identified with X x [0,1). for arbitrary k G N and suitable asymptotic types Qi and Q^, associated with g and independent of k. Here G* is the formal adjoint with respect to the pairing in 1.3(b) . In fact it is sufficient to require these mapping properties for k = 0; continuity on the larger spaces can then be deduced. 
Meromorphic Mellin symbols. M^(X) is the space of all entire functions
h : C -^ L P '{X)
The Extended Cone Algebra
7€ R, the weight datum g = (7 + ^,7 + f, (-1,0]), and ^ G Fix^7+t,(-l,Oj),and/,eZ. 
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The intersection C^(B,^ n C^(B,fiQ clearly consists of the elements in the cone algebra with vanishing conormal symbol, i.e., where h(0) + ho = 0 in the notation of 1.7.
It follows from the definition that t^G and GV 71 are elements of Cc(B^) whenever Rem^ 0 and (9 € Co^g).
Proposition.
One obtains the composition laws of Theorem 1.8 for the corresponding extended algebras. Moreover, C(B^)^" is an ideal in the sense that composition maps 
A Trace on the Extended Cone Algebra
We shall change the notation slightly. Given a Mellin symbol h G ^(R+.M^X)) we shall denote by h(t) the operator in M^(X). This is a parameter-dependent classical pseudodifferential operator along each line Vp in C. We write h{t)(x,^f3 + ir) for its local symbol, and hk(x, ^ (3 + ir} for the component which is homogeneous of degree k in (^,r). We start with a simple observation.
Lemma.

Let f = Emec^fm, where C is a finite subset of {Re z > 0} and fm e Q^IR^). Then the mapping f ^ /o(0) is well-defined, i.e. independent of the representation of f.
We understand the notation Emec as ^e summation over all different elements of C. 
Definition.
It is immediate from the definition that an operator A G (^(B,^)"
" can be written in the form
A = E ^{oPMhm}^ +P+R mCC mCC with a finite subset C of [Rez >_ 0}, cut-off functions near zero, ^1,^2, Mellin symbols hm e C°°(R+^M^(X))^ a pseudodifferential operator P of order fi, supported away from the boundary^ and R G CM+G^g)^' For the summation Emec^i^t^M^m]^, the operator ho(0) is well-defined as an element of, say, L^{X\ Fo) according to Lemma 2.3. By ho{0)_^ {x.^ir), r e R,^ e Rd enote the homogeneous component of degree -n -1 of its complete local symbol in a coordinate neighborhood.
In the representation of A, the elements hm are not unique. Any other choice^ howeverd iffers by a linear combination of elements of the form ^^[op^Jim}^ with Rem >_ 0 and hm € Mj°°(X). The contribution to ho(0)_^_^ is not affected by this ambiguity.
So let
Here # denotes the symbol composition with respect to x and ^. A non vanishing contribution to the residue requires m == -m G iR, say m = ifz = -m. Moreover, only the terms with k == 0 can influence the result due to the powers of t in the above formula. We can therefore focus on the terms
5^(0)(^ ^ ir + i^#h^(0)(x, ^ ir).
We may apply the corresponding consideration to BA and conclude that
using the translation invariance of the integral with respect to r. The Leibniz product in the integrand has the asymptotic expansion
where we have omitted the variables x and ^ for better legibility. We may now proceed similarly as in [5, Theorem 1.4 ] to obtain the assertion. <
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Traces on the Cylinder Algebra
For the proof of the uniqueness of res on the extended cone algebra and the definition of yet another trace on the smaller ideal C(1B>^g)^ it will be more convenient to work on the cylinder X^ = X x R+. We shall employ the cylinder algebra" C^{X^,g}^, i.e., the algebra generated by the Mellin operators supported close to the boundary <9B. With the same considerations as before we obtain the following theorem:
2.9 Theorem.
The trace u res^ also yields a trace on C{X^^g)~{'. It vanishes on
CMw{X\gV andonC{X\g}t.
On the subalgebra C{X^^g)^ we find another trace. -oo JS t
The condition uj\uj^ = uj\ is necessary for this to make sense. One next establishes 
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We shall now show that there are no other traces. As a preparation we need the following results. 
Lemma. Let f € M^(X)
.
XVI-9
Finally we let T^ be the operator with the Mellin symbol ^(t^^e > 0. It is a basic property of Mellin operators, see e.g. [ This leads to the following theorem.
Theorem. The dimension of the space of continuous traces on (7(B, fi^ /CM+G(B, g)ê quals the number of conical points. On C(^g)^ /CM-^-G^Q)^ there is only one non-trivial continuous trace (up to multiples). It extends the Wodzicki residue.
Proof. In the interior, the only traces are the multiples of Wodzicki's residue. On the other hand, each trace on (^(B.i^/CA^^B^)" 1 " yields a trace on the cylinder algebrâ (^^(^/C^M+G'^^^) 4 "-For operators supported by compact sets in X x (0,1) both have to agree. This shows that the only possible traces on (^(B^'^/CM^^B^) 4 ' are the multiples of ^res". For simplicity we had been working with one conical point; the argument now shows that we may pick a constant for each of them.
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In the case of C(B>,g)^ /CM+^B,^ we know from Proposition 2.19 that the only possible choice on the cylinder, namely "re,s°", extends Wodzicki's residue and therefore is a trace on the full algebra C (JS>,g) 
JX J S J-oo
Then res k is a trace on (7(B,(/).
